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Classical cascade shower theo-
ries

� Landau L and Rumer G, 1938 Proc. R. Soc. A 166
213

� Rossi B and Greisen K 1941 Rev. Mod. Phys. 13 240

� Nishimura J 1957 Handbuch der Physik vol XLV1/2,

1 (Berlin: Springer)
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CASCADES in astrophysical
environments, a new important application

� Akhiezer A I, Merenkov N P, and Rekalo A P
Cascades in strong magnetic fields

� Anguelov V, and Vankov V
Cascades in strong magnetic fields

� Aharonian F A, Kirillov-Ugryumov V G, and
Vardanian V V

Cascades in background photon fields

� Zdziarski A A
Cascades in background photon fields

� Aharonian F A, and Plyasheshnikov A V
Cascades in matter, photon, and magnetic fields
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Analytical approaches, Monte Carlo approaches, and

numerical approaches

Akhiezers’ analytical result in adiabatic
approximation (AA)

is denied by

Anguelovs’ Monte Carlo result (MC);
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Aharonian and Plyasheshnikov say in Astrop. Phys.
19, 525(2003);

So that some numerical approches are required.
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Aharonian and Plyasheshnikov applied a traditional
"adjoint method"
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Our numerical approach
Main characteristic points of our method are

� The shower development with inhomogeneous
cross-sections for primary and secondary energies,
like Akhiezer et al’s or Zdziarski’s, are solved.

� We use logarithmic scale in energy.

� The calculation time are reduced to be proportional

to ������ or ��
�����, much less than ���� in

Monte Carlo methods.
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Our result for Cascades in
strong magnetic fields

Akhiezer et al equation is described as
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Comparison of cascades in the strong magnetic fields

Figure 1: Aharonian-

Plyasheshnikov’s Fig. 11.

0.1

1

10

100

1000

10000

100000

0 1 2 3 4 5 6 7 8

N
um

be
r 

of
 e

le
ct

ro
ns

cascade length (t)

E0/E = 10^2
E0/E = 10^4
E0/E = 10^6
E0/E = 10^8

Figure 2: Our result
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If we remove the inhomogenious factor ����� in the
cross-section artificially, Akhiezer equatin can be
solved by analytical method.

We compare results of the artificial cascades derived

by our numerical method and the analytical method,
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Our cascade results in matter
The diffusion equation is described as
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Comparison of cascades in matter

Figure 3: Aharonian-

Plyasheshnikov’s Fig. 7.
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Figure 4: Our result

August, 2010 – p.13/30



We confirm the peak position derived
analytically in Nishimura (+ mark), in
the following figure

August, 2010 – p.14/30





Our cascade results in photon
fields

Diffusion equation
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and the energies are described in unit of ���.
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The cross-sections are

���� �� �
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The cross-sections for Inverse Compton (left) and photon-photon

pair production (right) are indicated below:
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Comparison of cascades in photon fields

Figure 7: Aharonian-

Plyasheshnikov’s Fig. 9.
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The results of

Aharonian-Plyasheshnikov and ours

differ considerably.

Particle number seems not increased

in our results, in case of the high

incident energies.

Leading particles might not be well

treated in our calculations.
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We discuss the differential en-
ergy spectrum
Aharonian-Plyasheshnikov result is

Figure 9: Aharonian-Plyasheshnikov’s Fig. 14.

and our results are
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Transition of cascades energy
spectrum

If we assume simple cross-sections
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We search for the solutions corresponding to
mono-energetic incident particle (Green’s function).
Applying Mellin transforms
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then we get differential-difference equations
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The solutions for respective Mellin transforms are
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respective Green’s functions,
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Using the Green’s functions, we get the differential spectrum of

the first and the second generation of electrons and photons,

� 
���� ��, the incident photon spectrum (Æ)

� ����� ��, the electrons spectrum produced by 
���� ��

� 
���� ��, the photons spectrum produced by ����� ��

� ����� ��, the electrons spectrum produced by 
���� ��

The differential spectra ����� ��, ����� ��, and ����� �� � ����� ��

are indicated in the left, the middle, and the right.
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Electrons’ cooldown process
At electron energies of �� �, maximum fraction of radiation

energy by Inverse Compton becomes suppressed, as
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then electrons diffuse as
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This solution indicates that electron of the initial energy � �

decrease its energy � as

�
�

�

�
��

� 
����

after traversing the thickness of �, a as indicated in the figure.
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And under the electron cooldown process, photons diffuse as
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	� � 	��� � 		�� shows the lower bound of the integral.

Electrons cool down very slowly, so that they have minimum limit

�	
� in their energy spectrum.
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When the lower bound of integral exhists in electron spectrum,

or
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As electrons show power index of � � � in cooldown process,

photon spectrum shows 	����.

On the other hand when the lower bound of the integral is smaller

than the electron spectrum, or

	
	�� � �	
�, photon spectrum


�	� �� becomes independent on their energy 	, as already pre-

dicted by Aharonian and Plyasheshnikov.
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Conclusions

� Evaluation of cascades in matter, photon fields,
and strong magnetic fields is reexamined, by a
standard numerical integration method.
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Conclusions

� Evaluation of cascades in matter, photon fields,
and strong magnetic fields is reexamined, by a
standard numerical integration method.

� The results of cascades in matter and the strong
magnetic fields agreed well with Aharonian and
Plyasheshnikov results, and showed enough
accuracies.

� We do not have yet satisfactory results for
cascades in photon fields. The leading particles
are not yet treated well.

� Transition of the diffferential energy spectrum is
well explained by the differntial-difference
equation with the simplified cross-sections and
the electron cooldown process.
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